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A partitioned computational procedure is presented for the simulation of control-structure interaction systems by
employing three modular software packages: a second-order structural dynamics analyzer, a second-order observer
module, and a first-order stabilized active control force generator. This paper focuses on modular programming of
the procedure, techniques for enhancing accuracy and for stabilizing the partitioned interaction equations, and time
discretization of the stabilized systems of equations. A stability analysis has been performed using a set of model
interaction equations, which indicates that the computational stability of the procedure is governed by the highest
frequency of the controller and the strength of its position feedback parameter and not by that of the structural
system. Comparison of the computational efficiency of the present procedure with a first-order conventional solution
procedure indicates that the present procedure offers a substantial efficiency improvement. The effectiveness of the
present procedure has been demonstrated by several example problems.

I. Introduction

REALISTIC analysis of active control-structure inter-
action (CSI) problems poses a formidable challenge both

to the dynamist and the control scientist. The emerging need
for real-time simulation and control of CSI systems will
engender a new activity called "computational controls" to
meet this challenge. The prevailing practice in CSI simulations
is by and large limited to a reduced-order model of structures
based on modal representations together with a limited num-
ber of sensors and actuators.1"6 Specifically, the control laws
are expressed in terms of the generalized coordinates and their
time derivatives, which are computed using state estimators if
full state feedback control is used. The resulting closed-loop
system equations are usually cast in first-order form; this has
been the prevailing practice since modern control theory has
been almost exclusively developed for the first-order form.7~10

Typically, simulation tasks for CSI problems involve sev-
eral computational elements and discipline-oriented models
such as structural dynamics, control law synthesis, state esti-
mation, actuator and sensor dynamics, thermal analysis, liq-
uid sloshing and swirling, environmental disturbances, and
maneuvering thrusts and torques. Because each of these com-
putational elements can be large, it is usually not practical to
assemble these computational elements into a single set of
equations of motion and perform the analysis in its totality,
which will be referred to as the "simultaneous solution ap-
proach." First, the equation size of the total system can be
simply too large for many existing computers. Second, the
solution of the coupled interaction equations may destroy the
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sparsity of the attendant matrices, thus requiring excessive
computations and storage space. Most important of all, any
changes in the model or in the computational procedures will
affect many of the required analysis software modules and
hence require a painstaking software verification effort.

The computational procedure that is described in the
present paper has been motivated to alleviate the aforemen-
tioned difficulties that exist in the simultaneous solution ap-
proach. First, software development of any new capability is
costly and time consuming; thus, if at all possible, it is
preferable to use existing single-field analysis modules to
conduct the coupled-field interaction analysis. Second, the
tasks for model generation and methods development of each
field are best accomplished by relying on the experts of each
single-field discipline. To accommodate both the software
considerations and the single-field expertise, a partitioned (or
divide-and-conquer) analysis procedure is proposed for con-
trol-structure interaction analysis for direct output feedback
systems.11'12 The procedure abandons the conventional way of
treating the CSI problems as one entity. Instead, it treats the
structure (or plant), the observer, and the controller/observer
interaction terms as separate entities. Thus, the CSI problem
is recognized as a coupled-field problem, and a divide-and-
conquer strategy is adopted for the development of a real-
time computational procedure. A simular concept has been
successfully applied to other interaction analyses such as
fluid-structure interactions,13 multistructural interaction sys-
tems,14 Earth dam and pore-fluid interactions,15 and multi-
body systems with constraints.16

The proposed partitioned analysis procedure hinges on
three software and computational aspects. First, because
large-scale simulation of interdisciplinary problems must rely
on an efficient and versatile data management system, the
data manager is used to handle the necessary interprocessor
communications among the single-discipline analysis modules.
Second, at each discrete time increment, the equations of
motion for each discipline are solved separately by consider-
ing the interaction terms as external disturbances or applied
forces. Third, when necessary, computational stabilization
and accuracy improvements are introduced through augmen-
tations and/or equation modifications. It is important to note
that such partitioned solutions of each discipline equations
can be carried out either on a sequential or parallel machine
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if certain message passing and memory-conflict issues are
handled appropriately.

Recently, the computational need and the physical insight
that can be accrued from the second-order dynamic equations
have motivated several investigators in the control community
to address the second-order state estimation and control law
issues. They include the analysis of the second-order system
equations17'18 and CSI design,19"26 among others.

The objective of the paper is thus to describe the algorith-
mic nature of the partitioned CSI solution procedure, its
implementation aspects and computational stability and accu-
racy characteristics. To this end, the paper is organized as
follows. The discrete equations of motion for CSI problems
are presented in Sec. II, which includes the discrete equations
of motion for structures subjected to control forces, an ob-
server model, and a general control law.

A review of a conventional first-order-based solution proce-
dure is presented in Sec. Ill, which is termed herein simulta-
neous solution procedure to contrast with the proposed
partitioned procedure. Section IV introduces a parabolic sta-
bilization in order to derive a differential equation for the
interaction terms (i.e., the control force and the state estima-
tion error term) so that the interaction terms are obtained by
solving differential equations rather than by back substitu-
tions. It turns out that such a stabilization (or an equation
augmentation) improves not only computational stability but
numerical accuracy as well.

Time discretization of the coupled CSI equations is carried
out in Sec. V by employing the implicit midpoint formula (or
the trapezoidal rule). It is shown that a general canonical
form of the equations of motion for structures and the
second-order form of state estimators leads to a computation-
ally attractive discretization. A computational stability analy-
sis of the present partitioned CSI solution procedure is
elaborated in Sec. VI, which indicates that the stability of the
present partitioned procedure is governed by the highest
frequency of the control force and its position feedback
strength parameter irrespective of the frequency magnitude of
the structural system.

The computational efficiency of the present procedure is
compared with the conventional procedure in Sec. VII. It is
shown that the present procedure offers a substantial
efficiency improvement over the conventional procedure for
most practical CSI problems. Applications of the present
procedure are given by way of several example analyses;
results are offered in Sec. VIII. Finally, concluding remarks
and further remaining challenges toward making the real-time
CSI analysis and simulations a routine practice are discussed
in Sec. IX.

II. Equations of Motion for Control-Structure
Interaction Systems

A typical control-structure interaction system can be repre-
sented as shown in Fig. 1 (see, e.g., Kwakernaak and Sivan9).
The discrete equations of motion for control-structure inter-
action systems may be described by

Structure:

Mq Gw

Sensor output:

(la)

(Ib)

Estimator:

Control force:

Estimation error:

where

= -Fx (Id)

(le)

-M,W
and

= [Hd Hv],

B:
M-

In the preceding equations, M is the mass matrix, D is the
damping matrix, K is the stiffness matrix, f(t) is the applied
force, B is the actuator location matrix, G is the disturbance
location matrix, q is the generalized displacement vector, w is
a disturbance vector, and the superscript dot denotes time
differentiation. In Eq. (Ib), z is the measured sensor output.
The matrix Hd is the matrix of displacement sensor locations
and Hv is the matrix of velocity sensor locations. The vector
v is measurement noise. The state estimator in Eq. (lc) is
assumed either to be based on the Kalman filter7'8 or based
on a Luenberger observer27 if the system is deterministic. The
superscipt ~ denotes the estimated states. The actuator output
K is a function of the state estimator variables q and q, and Fl
and F2 are control gains determined for example by pole-zero
placement or from the solution of an optimal control prob-
lem. The observer is governed by L, the filter gain matrix. For
the special case where Lj is the null matrix (i.e., q = q)9 a
second-order state estimator can be expressed as

Mq + Dq + Kq =f+Bu + ML2y (2)

The effect of the preceding simplification on the observer
stability and convergence is discussed in detail in Refs. 26 and
28.

III. Simultaneous Solution Approach
It should be emphasized that the objective of this paper is

to directly solve the coupled equations given in Eqs. (1) in
their natural forms. That is, to exploit the second-order form
of the structure equation (and also the observer equation if
L! = 0). To justify this objective, the simultaneous solution
approach for numerical simulation of Eq. (1) is examined
first.

Noise
v

Structure output
z = Hv q + Hdq + vStructure

Mq + Dq + Kq = f + Bu + Gw

State correction force

Second order observer

Observer output
Hvq + Hdq

x = Ax+Ef+5u+Ly, =0 Fig. 1 Typical control/structure interaction system.
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The numerical solution of Eqs. (1) by the simultaneous
solution approach begins with appropriate initial conditions:
the feedback gain F and the filter gain L. The structure
equation is written in first-order form

where

x = Ax + Ef+ Bu + G

G =

(3)

The control gains and observer gains can be synthesized
independently by noting that the stability of the structural
system and the observer error stability are uncoupled. Intro-
ducing the error equation by the deterministic form of Eqs.
(1) as

e = x — x =

and eliminating u yields

~A-BF Bl
0 A-*

(4)

(5)

The stability of Eq. (5) is governed by the stability of
[A - BF] and [A - LH]. Thus,_the control gain F is suitably
chosen from the matrix [A — BF] and the observer gain L
from the matrix [A — LH].

Subsequently, the simultaneous solution approach elimi-
nates u and z from Eqs. (la) and (Ic) and then solves the
observer-based closed-loop equations:

fil Y
\*\-[

A
LH

-BF

The embedding effects of both the controller and the state
observer result in an unsymmetric and nonsparse system
matrix of dimension (4N x 4N), where N is the number of
structural degrees of freedom. Solution of Eq. (6) would
require considerable software modification of existing struc-
tural dynamics analysis programs for large-scale CSI simula-
tion purposes. In addition to losing the computational
advantages associated with the finite element based CSI equa-
tion, the simultaneous solution approach requires the control
law to be embedded into the observer model. If the control
law includes actuator, sensor, and/or controller dynamics,
additional states must be added to the observer. This greatly
complicates the observer model and requires significant soft-
ware development for each class of control law dynamics. The
difficulties associated with the simultaneous solution approach
have prompted development of a partitioned solution ap-
proach for the CSI equations as described in the next section.

IV. Partitioned Solution Procedure
To mitigate the software and algorithmic difficulties associ-

ated with the asymmetric embedding of the controller and the
state observer into the closed-loop equations as discussed in
the previous section, a preliminary partitioned solution proce-
dure12 was proposed for the solution of direct output feed-
back systems, but no stability analysis was offered therein.
The present exposition extends the basic concepts offered in
Ref. 12 to include the case of dynamic compensators in a
form of computationally advantageous second-order observ-
ers. However, for completeness, the first-order observer solu-
tion procedure is included in the Appendix.

In essence, the proposed partitioned solution procedure
numerically integrates the structural equations of motion (la)
and the observer equation (Ic) by treating the control force u
and the estimation error y as if they are applied terms in the
right-hand sides. In this way, simulation of control-structure

interaction systems using the proposed partitioned solution
procedure to be described can be carried out by a judicious
employment of three software modules: the structural ana-
lyzer to obtain q, the state estimator to obtain q, and the
solver for the control force u and the state estimation error y
as indicated in Fig. 2. Thus, the partitioned procedure be-
comes computationally efficient and can preserve software
modularity by exploiting the symmetric matrix form in the
left-hand sides of Eqs. (la) and (Ic).

However, computations of the control force u and the state
estimation error y by Eqs. (Id) and (le), respectively, can lead
not only to an accumulation of errors but often can give rise
to numerical instability. Hence, to make the proposed parti-
tioned solution procedure robust, it is imperative to stabilize
the partitioned solution process and/or numerically to filter
the solution errors in computing u and y. This is addressed in
the next section.

Stabilization for Computations of Control Force
and Estimation Error

To appreciate the nature of error accumulations in comput-
ing u and y by employing Eqs. (Id) and (le), respectively, let
us consider the following discrete predictors:

=- (Fl qn + F2qn)
+ 1/2

(7a)

(7b)

where the superscripts designate the discrete time intervals,
tn = nh and tn +1/2 = n + l/2h with a constant stepsize of h.

It is observed that the predicted control force un +1/2 will
possess errors in (qn +1/2 — q") and (qn+1/2 — qn) magnified by
Fl and F2, unless the control gains have a built-in stabilizing
filter against these errors. The computation of the estimation
error yw + 1/2 will have a similar error accumulation unless the
filter gain L is designed to cope with the prediction errors.
Among several possible stabilization strategies, we will em-
ploy a parabolic stabilization as follows.

First, we time differentiate Eq. (Ic) to obtain

u=-F1q-F2$ (8)

Substituting q from Eq. (2) into the preceding equation, one
obtains

u + F2M~lBu= -F2(M-lp+L2y)-Flq (9)

where the generalized rate of momentum p is given by

p = (f-Dq-Kq) (10)

The parabolic stabilization that led to Eq. (9) for comput-
ing the control law is sometimes called an equation augmenta-
tion procedure as it has not altered any of the basic governing
of Eqs. (1) except one time differentiation of u assuming u
exists. However, the assumption is later removed through
time discretization as will be shown later in the paper.

It is noted that the homogeneous part of Eq. (9) has the
filtering effect of the form (si + F2M~lB)~l in parlance of
classical control theory where s is the Laplace transform
operator, thus achieving the required stabilization. From the
computational viewpoint, although F2M~1B is in general a
full matrix, its size is relatively small as the size of u is
proportional to the number of actuators placed on the struc-
ture.

Similarly, for the observer estimation error y, one can
stabilize its computation by adopting the following aug-
mented equation:

Again the matrix HvL2is in general not sparse; however its
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size is only proportional to the number of measurements
output from the structure.
Stabilized Partitioned Equations and Solution Process

The adoption of the second-order observer and the preced-
ing stabilization thus replace Eqs. (Ic), (Id), and (le) by Eqs.
(2), (9), and (11), respectively, as summarized here.

Structure:

Sensor output:

Estimator:

Mq + Dq + Kq =/+ Bu + Gw

f0, • ' «KO)=f 0

z = Hx + v

Mq+Dq + Kq =/+ Bu + ML2y

«0)=0, #0) = 0

Control force:

u+F2M~1Bu = -F2(M-lp+L2y)-F1q

Estimation error:

y + HvL2y = z-HvM~l(p + Bu) -Hdq

(12a)

(12b)

(12c)

(12d)

(12e)

The partitioned solution process that implements the pre-
ceding equation can be summarized by the following steps:

1) Obtain q"p
+1/2 = qn + dqn and qn

p
+1/2 = qn.

2) Solve for «n + 1/2 and yn + 1/2 from Eqs. (12d) and (12e).
3) Solve for £« + 1/2, qn+\ and q»- + 1 from Eq. (12c).
4) Solve for qn+1/2, qn+ \ and qn+l from Eq. (12a).
5) Increment (n =n + 1) and (time = time 4- h).
A flowchart describing the preceding computational steps is

depicted by Fig. 2. These computational steps are imple-
mented into three modules as shown in Fig. 2. Note that steps
1-5 would be repeated until the transient response simulation
is complete. (Note, if no observer is used> step 2 would only
require calculation of un +1/2 and step 3 would be omitted.)
The methods for calculating the control and observer interac-
tion forces differ depending on the type of simulation re-
quired. This aspect together with the time discretization,
prediction of the state estimation vectors, and computational
details for implementing the present partitioned solution pro-
cedure will be dealt with in the next section.

V. Time Discretization of Control-Structure
Interaction Equations

Direct time integration of the structural equations (12a)
and the observer equations (12c) can be performed by a
variety of techniques. A theoretically exact solution can be
obtained using a matrix exponential approach. However, such
an approach engenders numerical roundoff when applied to
large-dimensioned problems and involves fully populated ma-
trices that can significantly limit the number of simultaneous
equations which can be solved. A number of approximate
techniques for numerical integration of coupled ordinary
differential equations also exist. The approximate methods
generally interpolate and/or extrapolate the dynamic states
with implicit and/or explicit time-stepping formulas. By pre-
serving the sparsity and symmetry of the coefficient matrices,
the approximate methods can be applied to very large systems
of simultaneous equations. Thus approximate numerical inte-
gration formulas are used in this paper.

Approximate methods must be examined from both stabil-
ity and accuracy considerations. Numerical stability of ex-
plicit integration formulas require a step size inversely

proportional to the highest frequency of the system. The small
step size necessary for explicit integration stability generally
satisfies the accuracy requirements. Conversely, some fully
implicit formulas are unconditionally stable; thus the step size
must be chosen based on accuracy considerations. Because
larger step sizes permit more efficient solution of the control-
structure interaction equations, implicit integration formulas
are employed in this study.

It should be mentioned that, when massively parallel com-
putations become widely available, the programming simplic-
ity of explicit formulas become so attractive that one may
prefer explicit to implicit formulas for control-structure inter-
action simulations. This is particularly true when reduced-
order models are used that filter high-frequency responses.

Among a plethora of implicit numerical integration formu-
las, we employ the following unconditionally stable midpoint
implicit formulas:

d=h/2 (13a)

r+m (i3b>
•-q" (13c)

where h is the time-step size. The selection of the midpoint
implicit formula (or the trapezoidal rule) for the present
application is due to its minimal frequency distortion and no
numerical damping characteristics.29"31 Experience has shown
that it is very important to minimize numerical damping when
studying the control-structure interactions.
Integration of Structural Equations

Implicit time discretization of Eq. (12a) by Eq. (13) yields
the following difference equation for the structure:

(Ha)

(14b)

(14c)

(14d)

-q" (14e)

1/2 + fan + 1/2)

a" + V2 _//,«+1/2 _ a"q")/d, q"+>

It is observed that the only unknown in the right-hand side of
the preceding difference equation is un +1/2, which is treated as
an applied forcing term in solving for the states qn +1 and
q" +1, thus, leading to a modular implementation as a unique
feature in the present partitioned solution procedure.
Integration of Observer Equations

Time discretization of Eq. (12c) yields the following equa-
tions for the observer:

zn + 1/2 —gn+ 1/2 (15a)

Module 2
Second order observer

Mq + Dq + Kq = f+ Bu + ML2Y

Fig. 2 Flow chart of partitioned solution procedure.
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«+ 1/2

(15b)

(15c)

(15d)

Froiri Eqs. (15) it is seen that un+1/2 and yw +1/2 are required
to numerically solve for the states qn + 1 and qn + l. As in the
ease of the structural analyzer of Eqs. (14), these two un-
known vectors are treated as applied disturbance terms so
that the observer states can be implemented into a modular
package. Note that both in Eqs. (14) and (15) the attendant
matrix S possesses the same sparsity and symmetry that exists
in the mass, damping, and stiffness matrices. Hence, linear
equation solution techniques that exploit symmetry and spar-
sity may be used advantageously. Such a solution capability is
widely available in existing structural analysis software sys-
tems.
Integration of Control Force and State Estimation Error Equations

In advancing the time marching for the structural and the
state estimation equations, it is recalled that we have assumed
that both un + 1/2 and yn+1/2 are already available from the
solution module of the control force and state estimation
error equations. We will show in this subsection that un+1/2

and yn+l/2 can be obtained by predicting only the state
estimation vector qn +1/2.

In doing so, unlike the structural and observer equations,
we have decided to time discretize both the control force and
state estimation error equations as a coupled set of equations.
Carrying out the necessary discretization by the midpoint
implicit formula [Eqs. (13)] yields

Srn+l/2_j;n+l/2

S = \
SF2L2

(16a)

(16b)

rh + 1/2 _

(16c)

(16d)

It is noted that S is not sparse; thus the partitioned solution
approach is mainly oriented toward systems where the num-
ber of states (2AO is more than the number of actuators m
and measurements r (i.e., r +m < 2N). The solution of Eqs.
(16) at the half time step makes both un +1/2 and yn +1/2, thus
permitting the solution of both the structural displacement
and the state estimation vectors with the control and state
estimation error terms on the right-hand sides of Eqs. (14)
and (15). Since a prediction step is involved, one typically
iterates to achieve a converged solution for qn +1/2. However,
as will be shown in Sec. VIII, the stabilization procedure
used to obtain Eqs. (9) and (11) [or Eqs. (12d) and (12e)]
produces very accurate results without iterating to obtain
0w+1/2 = ̂  + 1/2 in most instances. To solve for un+l/2 when
an observer is used, it is necessary to predict qn +1/2

(17)

and use zn +1/2 to solve Eq. (16) for un +1/2 and yn +1/2. (Note
that zn+1/2 implies measuring the system output at the half
time step. If this is hot possible^ using in

p
 +1/2 = zn will pro-

duce a phase shift in the observer state of 6 in time.)

VI. Stability and Accuracy of Partitioned
Solution Procedure

Computational stability analysis of partitioned procedures
for a general coupled system is still in an evolving stage as
discussed in Refs. 14 and 32. Hence, the analysis herein
applies the relevant results from Refs. 14 and 32 in the present
stability analysis of the partitioned CSI solution procedure.
The partitioned CSI solution procedure presented in Eqs.
(14-16), although discretized by implicit time integration
formulas, may suffer from computational instability as it
involves extrapolations to obtain un + 1/2 and yw + 1/2. A com-
plete stability analysis of the partitioned solution procedure
for the coupled structural dynamics, observer, and controller
equations is difficult to perform unless the observer character-
istics H,L and the controller characteristics B,F are specified.
Hence, the analysis that follows is restricted to an ideal
observer, i.e., y =0 so that only Eq. (14) and Eq. (16a) are
considered.
Stability Analysis of Model Control-Structure Interaction

To assess the computational stability of the present parti-
tioned solution procedure, we construct a model single-
degree-of-freedom interaction equation as follows. First, ne-
glecting structural damping, a modal structural equation of
motion can be expressed as

y + a>2y = —u (18)

where y is a generalized coordinate and co is its associated
frequency.

Second, the model controller is assumed to consist of both
the position and velocity feedback with appropriate weights
given by

u = rjco2y + Cc (19)

where coc is the feedback frequency that ranges from the
minimum to the maximum of the structural frequency con-
tents, and rj and £ are positive scalar coefficients that signify
the strength of the position and the velocity feedback, respec-
tively.

Combining Eq. (18) with the stabilized form of Eq. (19), we
have the model interaction equation

y + a*2y = —u

u 4- £ft

(20a)

(20b)

Thus, the model interaction equations given by Eqs. (20)
represent the case of full-state feedback. They do not, how-
ever, reflect the mode-to-mode coupling that can occur in
reduced-order feedback controller. Nevertheless, an analysis
of the computational stability using the preceding model
interaction equations should shed insight on the overall stabil-
ity of the present partitioned solution procedure.

Application of the partitioned CSI solution procedure [Eqs.
(14-16)] with 7 =0 to solve the preceding model equations
yields

coc)u"

= -d2un
p

(21a)

>j>" (21b)

+ yn + 6y" (21c)

•-(yn + 1/2-yn)/S

yn + i = 2yn + l/2-yn (21d)

un+l = rioo2yn+1 + £(ocyn + 1 (21e)

Computational stability of the model form of CSI partitioned
equations (20) can be assessed by seeking a nontrivial solu-
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tion of the preceding difference equation (21) by

such that

(22)

(23)

for stability.
Substituting Eq. (22) into Eqs. (21) and eliminating y, one

obtains

J\ } =°(y (24)

Assuming £ <^ 1, the first term in the preceding condition
allows a sufficiently large step size. However, since £ /> /«!
for a balanced control law, it imposes a step size restriction
h «2/cac, which approaches the limit imposed by a typical
explicit integration formula. This proves the advantage of the
present stabilized partitioned solution equation (12) solely
from the computational stability viewpoint.

Although not elaborated herein, a stability analysis that
includes an observer model and the state estimation error
equation has been conducted with the following parameter
choices: -r. a (30)

where
in conjunction with the structural model already used in Eq.

r=r<5(i c) • (A + I)2

To test the stability requirement of Eq. (23) on the character-
istic equation, i.e., det|/| = 0, one transforms |A| < 1 into the
entire left-hand plane of the z plane by

1±£
l-z'

Re(z) Z 0 (25)

Carrying out the necessary algebra we have from det| J(z) \ = 0
the following z -polynomial equation:

l)z2 = 0

(26)

A test of the polynomial equation (26) for possible positive
real roots by the Routh-Hurwitz criterion (see, e.g., Gant-
macher33) indicates that the partitioned procedure as applied
to the model coupled equations (IB) and (19) gives a stable
solution provided

>0 (27)

Note that if there is no position feedback (i.e., r\ = 0), the
model interaction equations solved by the present partitioned
solution procedure [Eqs. (14-16)] yields unconditionally sta-
ble solutions as Eq. (27) is automatically satisfied. Hence, a
more critical stability assessment can be made by assuming no
velocity feedback (i.e., £ = 0) for which we have stability from
Eq. (27)

h< (28)

The preceding stability analysis on the model interaction
equations permits us to make the following observations.
First, Eq. (28) indicates that feedback frequency coc and the
strength of the position feedback r\ dictate the coriiputational
stability and not the structural frequency co. In other words,
the position feedback dictates the allowable step size for
stability. Thus the highest frequency of the controller governs
stability, not the highest frequency of the structure. Since
most controllers are designed with reduced-order structure
models that ignore high-frequency dynamics, the present solu-
tion procedure is not unduly restricted by stability.

Second, if velocity feedback is present, the allowable step
size for stability increases until •£ > ^/4rj3/21 at which point
the solution becomes unconditionally stable.

It should be noted that, instead of the stabilized form of
control force [Eq. (12d) or (20b)], if the scalar form of Eq.
(7a) is used in the preceding stability analysis, the resulting
stability limit is given by

(29)

(20). The analysis result yields the following step size restric-
tion

(31)

It should be noted that 12\ corresponds to the Kalman filter
gain magnitude* which can be adjusted to be sufficiently small
compared with co2 as can be assessed from Eq. (5b). Hence,
provided 12\ <#)c, the condition given by Eq. (28) is seen to
govern the maximum stable step size by the present parti-
tioned solution procedure.

For the general multidimensional case governed by Eqs.
(14-16), one observes that the stiffness proportional control
force in practice reaches only a fraction of the total internal
force (u = qKq, r\ <^ 1). Hence, even for a distributed stiffness
proportional control configuration where o)c->a)max, the sta-
ble step size given by Eq. (28) should be much larger than the
maximum stable step size of a typical explicit integration
algorithm (say, /zmax < 2/comax). Therefore, the computational
efficiency of the present partitioned solution procedure is
established.
Accuracy Assessment

In addition to the stability consideration, the step size must
also be chosen based on accuracy considerations. Although
the midpoint implicit integration formulas produce no artifi-
cial damping, there does exist a frequency distortion. The
apparent frequency to true frequency ratio Fa is given by

Ns[l-(n2/N2)]
(32)

where Ns is the number of steps per cycle, Ns = (2n)/(hco).
Figure 3 shows the frequency distortion as a function of the
number of steps per cycle. There must be 18 steps per cycle to
produce less than 1% frequency error. Thus, the step size
based on 1% frequency error is

h < 2n/Nsco = 0.349/eo (33)

Comparing Eq. (28) to Eq. (33) one finds rj > 32.84 before
stability governs the step size and not the 1 % allowable
frequency distortion. Thus, for most practical considerations,
accuracy of the present integration formulas rather than
stability govern the selection of the integration step size h.

VII. Computational Efficiency
Simulation of the CSI equations in second-order form is

prompted in part by potential increases in computational
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2 1 2
i i i r
3 4 5 6 9 10 11

= 50"-

1" diameter graphite tube with 0.125" wall thickness
Open-loop frequencies (Hz)

f1 = 35.617
f2 = 221.16
f3 = 615.04
f4 =1198.9
fc =1975.4

E = 40 E + 6 Ib/inf

G = 2.4 e + 6 Ib/in2

P = 1.5285e-4 Ib-s2

in4

Fig. 5 Cantilever beam example.
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Fig. 4 Computational efficiency of partitioned solution procedure.
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Fig. 6 Closed-loop response of example beam.

proportional to TV by

efficiency. The computational benefits of matrix sparsity and
symmetry on the left-hand side (LHS) of the second-order
finite element based equations are reduced by the additional
computations needed to maintain the control and state esti-
mation error terms on the right-hand side (RHS) of the
equations. Therefore, we will assess the relative efficiency of
the simultaneous solution procedure of Eq. (6) and the parti-
tioned solution procedure of Eqs. (14-16). For simplicity, the
computational efficiency is estimated based oil an au-
tonomous, deterministic system, /= w =•» = 0. The number
of floating point operations (FLOP) are approximated to an
accuracy of order N, where N is the number of degrees of
freedom.

The simultaneous solution procedure given by Eq. (6) may
be solved either by a set of first-order differential equation
solvers or by a matrix exponential approach. Since the size of
the solution matrix is 4N x 47V, in addition to factoring of the
solution matrix once at the beginning of the computation for
time-invariant cases, a total of 16N2 storage locations 167V2

FLOP are required at each time step.
When one adopts the partitioned solution procedure [Eqs.

(14-19)] as S is a sparse and symmetric matrix, considerable
storage and computational savings can be attained. If the
matrix element bandwidth of S is proportional to TV by a

bandwidth = 0 < a

then, only aTV2 storage locations are needed. An L~U decom-
position of the S matrix (which requires ([a27V3 + 3a7V2]/
2) + O(N) FLOP) is performed once for time-invariant
systems. Then, at each time step, the RHS is calculated, and
a lower and upper triangular solution is performed to com-
pute the states. The partitioned solution procedure requires
(12a7V2 + (r + m)2 + 4r7V + 4mN] + O(N) FLOP, where m is
the number of actuators and r is the number of measure-
ments. The number of sensors and actuators is usually small
compared with the system-order TV. The value of a for which
the partitioned solution approach becomes more computa-
tionally attractive than the simultaneous solution approach
must be determined. If the assumption is made that the
number of actuators m and the number of measurements r are

the values of a and ft for which the second-order solution is
more efficient than the first-order solution are readily ob-
tained. Figure 4 shows the efficiency ratio of the simultaneous
and the partitioned solution procedures for various values of
a and /?. For practical cases where a <^ 1 and /? < 1, the
partitioned solution approach is much more efficient.

It should be noted that the FLOP counts assessed previ-
ously are only approximate as their precise value depends on
the cleverness of the implementation. Also, additional compu-
tational savings are possible if more efficient data structures
such as profile storage schemes are employed for the mass,
damping, and stiffness matrices.

VIII. Numerical Experiments
The tinie-discretized CSI equations [Eqs. (14-16)] have

been implemented into three modules: the structural analyzer,
the state estimator, and the solver for the interaction terms.
The examples herein have concentrated on the structural
analyzer and the control force interaction term. Additional
examples with state estimation are presented in Refs. 26 and
28.

The first numerical example is a beam with 10 finite ele-
ments and an actuator placed on node 10 as shown hi Fig. 5.
The actuator gains have been determined using a single mode
in the control law. The beam is initially bent according to its
first mode shape, and the controller must regulate the re-
sponse to 1% of its initial amplitude within 0.5 s. Figure 6
illustrates the tip displacement response and the control force
u vs time. To assess the effectiveness of the present partitioned
solution procedure, the response has been computed using
both the simultaneous and the present technique for Ns_ = 20
and Ns = 10. The simultaneous technique does not use stabi-
lization [Eq. (9)] for the computation of un+ 1/2. We have also
computed the control force by postprocessing Eq. (Id) in-
stead of the augmented form of Eq. (9). Figure 7 compares
the control force error computed by the present stabilized Eq.
(12d) vs that by direct substitution into the unaltered Eq. (Id)
for step sizes of 20 and 10 samples per response cycle. It is
noted that the present partitioned solution procedure yields
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Fig. 7 Errors in computing control force for beam problem.
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Battens

far better accuracy than the conventional direct substitution
method.

Of course, one can eliminate the solution errors associated
with the conventional simultaneous solution scheme. How-
ever, this requires solving the CSI equation in its entirety as
given by Eq. (6), which cannot be carried out in a modular
software environment.

To illustrate the procedure on more realistic structures, we
have performed transient response analyses on the truss beam
shown in Fig. 8. The truss was modeled by finite elements
with one Timoshenko element from joint to joint. The model
had 990 degrees of freedom.. The truss is described in more
detail in Ref. 25. A modal space control law with seven modes
was used to suppress vibtrations of the beam induced by the
loading shown in Fig. 8. Both position and rate feedback were
used to reduce the vibration amplitude to 0.025 in. within 10 s
after active control was initiated.

Figure 9 shows the truss response along with the perfor-
mance of the second-order observer of Eq. (15). Notice that
the observer that is turned on concurrently with the actuator
faithfully follows the structural response within an acceptable
time lapse. Figure 10 demonstrates the errors in computing
the control force by the stabilized Eq. (12d) and by directly
substituting into the unaltered Eq. (Id). The computation of
the control force by the stabilized Eq. (12d) is usually more
than an order of magnitude more accurate than using the
original form of Eq. (Id). This high accuracy removes the
necessity of iterating during the prediction step.

Most important, the proposed technique, which exploits the
second-order form of the structure equation, can be used to
solve this 990-degree-of-freedom problem without resorting to
a truncated modal model. Thus simulation can be efficiently
performed with "truth" models to verify performance and
robustness of control laws developed from reduced order

Structure
Observer

Displacement,
in.

5 10 15

Time, sec
Fig. 9 Truss-beam closed-loop response.

20

0.20

Force
error

0

Direct Substitution

Stabilization

1 73 5
Time, sec

Fig. 10 Truss-beam control force prediction error.

models. It is this feature that will alleviate much of the
computational difficulties associated with the study of con-
trol-structure interactions.

IX. Concluding Remarks
During the development of the present partitioned proce-

dure for conducting control-structure interaction analysis,
several theoretical and computational issues have been raised.
First, the availability of a second-order observer model is
required to exploit the symmetry and sparsity for efficiency
purposes. However, second-order observers pose restrictions
on the design of observer-based controllers. Second, for time-
variant systems, the solution of a Riccati equation to deter-
mine the control force with appropriate* terminal conditions
and the solution of another Riccati equation for the observer
equation with given initial conditions can pose bottlenecks in
real-time control-structure interaction simulations. (Note that
these two solutions are required when using optimal control
theory to obtain the control and observer gain matrices.)
Parallel computing can potentially remove the aforemen-
tioned bottlenecks of the time-variant problem. Finally, we
have not considered the intrinsic dynamics of both the actua-
tor and the sensor. However, since the present procedure uses
a differential form for the actuator and sensor equations,
intrinsic dynamics could be incorporated into the present
computational procedure without too much difficulty. Further
experiments and inclusions of more realistic control-structure
interaction models are necessary before the present simulation
procedure can become a production-simulation tool. This is
being carried out at present.

Appendix: First-Order Observer Solution
The first-order observer can be numerically integrated as

described as follows. Implicit midpoint formulas are used in
the time discretization. All variables are defined in Eq. (1).
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The first-order observer takes the form

x = Ax+Ef+Bu+L(z- Hx)

Combining like terms, we derive

where

(Al)

(A2)

[" -L,Hd l-L,Hv I
0 [_ -M-^K+BFJ -L2Hd -M~\D +BF2) -L2HV\

Time discretization yields

(/ - 6A0)xn + 1/2 = d(Ef" + 1/2 + Lzn+ 1/2) + x" (A3)

xn + l=2xn+1/2-xn (A4)

Equation (15) would be replaced by Eq. (A3) in the integra-
tion procedure. Then, Eq. (A5) would be used to solve Eq.
(16a) and there would be no need to solve for y. The
computational efficiency of the first-order observer of Eq.
(A3) is discussed in Sec. VII of the paper.
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